
THEOREM 7.5 The model H0 : β = (H1ϕ1, . . . , Hrϕr) where Hiis p × siand ϕiis si × 1 is estimated by the above switching algorithm, and
the asymptotic distribution of the likelihood ratio test statistic for this model, in the general model of β unrestricted, is χ2with degrees of
freedom given by , provided that β is identified.

The degrees of freedom can be calculated from Lemma 7.1 and are simply the sum of the number of restrictions in
each equation, that is p − si + 1 less the number of restrictions r needed to just identify the parameters.

7.2.4 Structural error correction model
The structural error correction model is given by (5.10). Instead of estimating the restricted short-run and long-run
parameters simultaneously it seems reasonable, in view of the super-consistency of the estimated long-run parameters,
see Chapter 13, to estimate first the restricted long-run parameters from the reduced form error correction model with
no restrictions on the short-run parameters. Next for fixed values of the long-run parameters apply the usual
maximum likelihood procedure (FIML) to estimate the restricted structural error correction model since all regressors
entering the error correction model are now stationary. An algorithm for performing the FIML estimation can be
constructed as the algorithm for estimating the identified long-run parameters, see Johansen (1995b), but of course a
general optimizing algorithm can be used if more complicated hypotheses are considered, see Doornik and Hendry
(1994) and Boswijk (1995). In Johansen and Juselius (1994) an analysis of the IS-LM model is given from this point of
view using Australian money data.

7.3 Illustrative Examples

7.3.1 The Danish data
In this section we analyse the Danish data using model , since inspection of the plots indicates that the data have
no deterministic trend, which means that the constant term should be restricted by α

⊥
′μ = 0. A formal test of this can

be performed using the result of Corollary 11.2.

In this model, the value 1 is appended to the data vector and a set of coefficients to the β matrix, see (6.29), and then a
reduced rank regression is performed. Hence p = 4 and p1 = p + 1 = 5. The result of the analysis is given in Table 7.1.

From Table 7.1 we find that there is no clear evidence for cointegration. The hypothesis r = 0 gives a test statistic of
49.14, which corresponds roughly to the 90 per cent quantile from Table 15.2. We choose to maintain the hypothesis
that r = 1, that is, that there is one cointegrating relation.
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Fig. 7.1. The unrestricted cointegrating relation for the Danish data

Table 7.2 contains the estimated long-run coefficients and Table 7.3 the adjustment coefficients.

From these tables we see the cointegrating relation as the first column. In this case it seems natural to normalize on
m2.

This makes it straightforward to interpret the cointegrating vector in terms of an error correction mechanism
measuring the excess demand for money, where the equilibrium relation is given by

The corresponding α is

Table 7.1 The Eigenvalues, Trace Statistic, and 95% Quantiles for the Danish Data

r λr+1 Trace 95%
0 0.433 49.14 53.42
1 0.178 19.06 34.80
2 0.113 8.89 19.99
3 0.043 2.35 9.13

Table 7.2 The Estimates of the Long-Run Parameters β For the Danish Data

m2 −21.97 14.66 7.95 1.02 11.36
y 22.70 −20.05 −25.64 −1.93 −7.20
ib −114.42 3.56 4.28 25.00 19.20
id 92.64 100.26 −44.88 −14.65 −21.53
1 133.16 −62.59 62.75 −2.32 −91.28
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Table 7.3 The Estimates of the Adjustment Parameters α (× 103) for the Danish Data

Δ m2 9.69 −0.33 4.41 1.98
Δ y −5.23 1.35 6.28 1.08
Δ ib −1.05 −0.72 0.44 −1.53
Δ id −1.34 −2.06 −0.35 −0.05

The normalized coefficients of α can now be interpreted as adjustment coefficients with which excess demand for
money enters the four equations of our system. A low coefficient indicates slow adjustment and a high coefficient
indicates rapid adjustment. It is seen that in the first equation which measures the changes in money balances, the
adjustment coefficient is approximately 0.213, whereas in the last two equations the adjustment coefficients are lower.
Note, however, that the interpretation of the coefficient α is the effect of a change in the disequilibrium error corrected
for the lagged differences, and hence involves all parameters in the model. The cointegrating linear combination β′Xt is
plotted in Fig. 7.1, together with β′R1t. It is seen that the processes appear considerably more stationary than the
original variables, and that there is little difference in the behaviour of the two processes in this case.

The hypothesis of weak exogeneity is tested below, but first we test the hypothesis that money and income have equal
coefficients with opposite sign.

With the notation β*′ = (β1, β2, β3, β4, β5) the hypothesis becomes:

In matrix formulation this hypothesis is expressed as

The test of β1 + β2 = 0 is determined by the first eigenvalue with and without the restriction, see (7.2), and we find
under this hypothesis the eigenvalues

The eigenvector is
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with the adjustment coefficients

The test statistic becomes

The asymptotic distribution of this quantity is given by the χ2 distribution with degrees of freedom r(p1 − s) = 1(5 − 4)
= 1. Note that β is (p + 1) × s since the constant is adjoined to the process Xt when we analyse the model with the
constant term restricted such that no trend can appear. It is clearly not significant, and we thus accept the hypothesis
that for the Danish data the coefficients to m2 and y are equal with opposite sign.

The second hypothesis is that the coefficients for bond rate and deposit rate are equal with opposite sign. This
hypothesis implies that the cost of holding money can be measured as the difference between the bond yield and
the yield from holding money in bank deposits. Since β1 + β2 = 0 was strongly supported by the data, we will test β3 +
β4 = 0 within the hypothesis that β1 + β2 = 0. We then impose the restrictions on β given by the matrix

where ϕ is a vector. Solving the eigenvalue problem we get the largest eigenvalue 0.4231. The test for the
hypothesis is given by

which should be compared with the χ2 quantiles with r(s1 − s2) = 1(4−3) = 1 degree of freedom. Again this is not
significant and we conclude the analysis of the cointegration vectors for the Danish demand for money by the
restricted estimate

The corresponding estimate of α is

If we want to test that we can restrict further the coefficients α3 = α4 = 0, that is, test the weak exogeneity of the two
interest rates, we can
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calculate the likelihood ratio test and find that the largest eigenvalue is λ1 = 0.356, such that the test statistic is given by

which compared with the quantiles in the χ2(2) distribution gives a p-value of 5 per cent.

7.3.2 The Australian data
We first determine the cointegrating rank, and then test some hypotheses as discussed above. The eigenvalues and the
related test statistics and quantiles are given in Table 7.4. The asymptotic distributions of the test statistics given in
Theorem 6.1 are derived in Chapter 11, and the relevant tables are given in Chapter 15. Here we shall just use the
results without comments on how they are obtained. The asymptotic distribution of

depends on the fact that the linear trend is present, hence Table 15.3 is chosen and the quantiles also depend on the
number of common trends p − r in the model being tested.

It appears that r = 0 is rejected, r = 1 is rejected, and that r = 2 can be accepted by the data. See Chapter 12 for a
discussion of the rank determination. This is of course a rather formal test, since we only have the asymptotic
distribution and not the actual distribution of the test statistic. Furthermore if we choose a 90 per cent quantile we can
reject r = 2 but accept r = 3. Thus there is no clear-cut decision to make about whether r = 2 or 3. We started out
looking for two cointegrating relations: the real exchange rate and the interest differential. These combinations are
probably not stationary themselves, but we seem to have found two other combinations that are stationary.

Table 7.4 The Eigenvalues, Trace Statistic and 95% Quantile from Table 15.3 for the Australian Data

r λr+1 Trace 95%
0 0.484 101.38 68.91
1 0.268 51.78 47.18
2 0.215 28.43 29.51
3 0.074 10.24 15.20
4 0.058 4.45 3.96
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