
which is asymptotically χ2(2) if the underlying distribution of the errors is Gaussian. This test is known as the
Jarque—Bera test, but is given by Shenton and Bowman (1977) in a version that has better small sample properties for
i.i.d. variables. We have chosen here a simple correction for degrees of freedom. A multivariate version of this test is
developed in Doornik and Hansen (1994).

Autoregressive models do not necessarily always describe the data, but they provide a flexible statistical tool. It often
happens that if a VAR model does not fit the data, it is because of the information set, that is, the choice of variables
should be reconsidered. Thus it is important to extend the information set to contain the right explanatory variables
for the relation that one is really interested in. Another technique for constructing a modified VAR model is to
consider a partial or conditional model. This will be discussed in Chapter 8. The choice of the correct economic
variables to investigate is an art which requires economic insight, and no final answers can be given on how to do it.

2.4 The Illustrative Examples

2.4.1 The Danish Data
As a first example of an analysis of a data set consider the Danish data discussed in section 1.3 consisting of

, 1987: 3. We use two lags and let k = 2 and keep the first two observations from 1974: 1
and 1974: 2 for initial values. This leaves T = 53 observations, and p = 4 dimensions fitted with 2 lags (k = 2) and
seasonal dummies (m = 4). The seasonal dummies are orthogonalized to the constant term. The data are plotted in
levels and differences in Fig. 2.1. All four variables appear non-stationary with stationary differences. We write the
model in the error correction form as

Thus we have 4 × 53 observations and condition on the initial values corresponding to the data for 1974: 1 and 1974:
2. Each equation is fitted with kp + m = 12 parameters, leaving 41 = 53 − 12 degrees of freedom for the variance. The
estimated coefficient matrices are given in Tables 2.1, 2.2, and 2.3, and the correlation matrix and standard deviations
of the errors are given in Table 2.4.

In Fig. 2.2 the standardized residuals and their histograms are given for each of the four series.

We first investigate the residual autocorrelations in order to check that we have found a description of the data
consistent with the assumption of white noise errors. The residual correlations and cross-correlations are given in
Fig. 2.3. The large correlations are indicated with vertical bars.
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Table 2.1 The Estimates of Π For the Danish Data

m y ib id

Δ m −0.181 0.110 −1.042 0.638
Δ y 0.186 −0.309 0.658 −0.648
Δ ib 0.014 −0.018 0.082 −0.167
Δ id −0.004 0.020 0.143 −0.314

Table 2.2 The Estimates of Γ1 for the Danish Data

Δ m Δ y Δ ib Δ id

Δ m 0.195 −0.096 −0.138 −0.462
Δ y 0.504 −0.045 −0.377 0.060
Δ ib 0.051 0.136 0.301 0.253
Δ id 0.069 −0.022 0.227 0.265

Table 2.3 The Estimates of the Constant and Seasonal Dummies for the Danish Data

season(1) season(2) season(3) constant
Δ m −0.023 0.016 −0.039 1.583
Δ y −0.019 −0.007 −0.032 −0.390
Δ ib −0.003 −0.007 −0.007 −0.064
Δ id −0.002 0.001 −0.003 −0.071

Table 2.4 Standard Deviations (σii) and Correlations (ρij) for the Danish Data

102σii 1.90 1.95 0.76 0.48
ρij 1.00

0.53 1.00
−0.45 −0.08 1.00
−0.31 −0.24 0.25 1.00

We calculated LM(1) = 18.62, which is distributed as χ2 with 16 degrees of freedom (p−value = 0.29), and LM(4) =
17.55 which gives a p-value of 0.35. An overall evaluation of correlations up to thirteenth order is given by the
multivariate Ljung–Box test LB(13) = 197.63 with p2(s − k) = 16 × (13 − 2) = 176 degrees of freedom corresponding
to a p-value of 0.13. Finally we test the hypothesis k = 2 in the model with k = 3 lags and find the likelihood ratio test

. This is again asymptotically distributed as χ2 with 16 degrees of freedom
and does
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Table 2.5 The Univariate Diagnostic Statistics for the Danish Data

ARCH(2) Skewness Kurtosis JB
m 0.655 0.552 −0.075 2.09
y 0.875 0.524 −0.087 1.89
ib 0.148 −0.297 0.576 1.17
id 1.292 0.415 0.562 1.72

not give any hint of misspecification. Next we investigate the individual series by the ARCH test for residual
conditional heteroscedasticity (of order 2). We calculate the Jarque–Bera test which is asymptotically χ2 with 2 degrees
of freedom. The results are given in Table 2.5. None of these tests seems to indicate that there are serious deviations
from the assumptions underlying the model. For an AR(2) model the properties are given by the roots of the
characteristic polynomial, or equivalently the eigenvalues of the coefficient matrix in companion form, which we next
calculate, and the results are given in Table 2.6. It is seen that the eigenvalues are all inside the unit circle but that some
are very close to the unit root z = 1. Note also that there is no indication that the roots are close to any other value on
the unit circle indicating that the type of non-stationarity is the one that can be removed by differencing. That is, an
inspection of the roots indicates that we can focus on integrated variables and the subsequent chapters deal with how
to handle this issue in the framework that has been established, that is, the vector autoregressive model.

Table 2.6 The Eigenvalues (ρi) of the Companion Matrix for the Danish Data

Root Real Complex Modulus
ρ1 0.9725 0.0000 0.9725
ρ2 0.7552 −0.1571 0.7713
ρ3 0.7552 0.1571 0.7713
ρ4 0.6051 −0.0000 0.6051
ρ5 0.5955 −0.3143 0.6734
ρ6 0.5955 0.3143 0.6734
ρ7 −0.1425 0.2312 0.2716
ρ8 −0.1425 0.2312 0.2716
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Fig. 2.1. The Danish data in levels and differences
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Fig. 2.2. Standardized residuals and histograms for the Danish data
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Fig. 2.3. Autocorrelation and cross-correlation functions for the residuals of a VAR(2) for the Danish data

2.4.2 The Australian Data
As the other example consider the Australian data. We have here chosen the five-variable system discussed in Section
1.3 consisting of log prices in Australia and United States, the exchange rate, and a bond rate from each country. This
time we have data from 1972: 1 to 1991: 1 giving a total of T = 75 observations, if we fix the first two for initial values.
Subtracting 2 × 5 + 4 = 14 we get 61 effective observations for the variance.

The data are plotted in Fig. 2.4 in levels and differences. It is seen that the prices are clearly non-stationary due to the
trend, but that the differences look more stationary. One notices that the interest rates move in much the same way for
the first part of the period, but then the US interest rate decreases while the Australian interest rate stays up. Notice
also the sudden fluctuation in the US interest rate around 1980. This fluctuation will show up in the test statistic for the
individual series below, see Table 2.11.

The estimates of the autoregressive model with two lags written in error correction form are given in Tables 2.7–2.10.
The graphs of the standardized residuals and their histograms are given in Fig. 2.5, and Fig. 2.6 gives the
autocorrelation function and cross-correlation functions.
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Table 2.7 Estimated Coefficient Matrix Π For the Australian Data

pau pus exch iau ius

Δ pau −0.056 0.061 −0.008 0.308 −0.280
Δ pus 0.004 0.011 −0.022 −0.142 −0.016
Δ exch −0.020 0.093 −0.210 0.814 −0.257
Δ iau −0.036 0.084 −0.016 −0.462 0.073
Δ ius −0.069 0.137 −0.052 −0.080 −0.388

Table 2.8 Estimated Coefficient Matrix Γ1 for the Australian Data

Δ pau Δ pus Δ exch Δ iau Δ ius

Δ pau −0.007 0.418 0.017 0.030 0.040
Δ pus 0.113 0.307 0.005 0.126 0.241
Δ exch 0.896 −1.457 0.038 −0.256 −0.181
Δ iau 0.294 −0.318 −0.014 0.250 0.031
Δ ius −0.110 −0.210 −0.011 0.050 −0.017

The test for residual autocorrelation of order 1 is LM(1) = 29.26 and for order 4 LM(4) = 16.86, each with p2 = 25
degrees of freedom. These correspond to the p-values 0.25 and 0.89 respectively. The Ljung–Box statistic becomes
LB(18) = 442.197 with f = 25 × (18 − 2) = 400 degrees of freedom corresponding to a p-value of 0.07. The univariate
diagnostic statistics are given in Table 2.11.

It is seen that the US interest rate has a very strong ARCH effect probably due to the very large residual around 1980,
see Baba et al. (1992). The normality tests and the histograms indicate that there are some very large observations
especially in the Australian prices and the US interest rate, whereas the exchange rate has a slightly skew distribution.
The methods derived are based upon the Gaussian likelihood but the asymptotic properties of the methods only
depend on the i.i.d. assumption of the errors. Thus the normality assumption is not so serious for the conclusion, but
the ARCH effect may be. Fortunately it turns out the US interest is weakly

Table 2.9 The Estimates of the Constant and Seasonal Dummies for the Australian Data

season(1) season(2) season(3) constant
Δ pau −0.001 0.006 −0.003 0.001
Δ pus −0.000 −0.001 0.002 −0.041
Δ exch 0.004 −0.007 0.009 −0.329
Δ iau −0.002 −0.003 −0.003 −0.154
Δ ius 0.003 −0.003 0.003 −0.221
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Table 2.10 Standard Deviations (σii) and Correlations (ρij) for the Australian Data

102σii 0.73 0.57 4.44 0.66 0.88
ρij 1.00

−0.14 1.00
0.33 0.01 1.00
0.26 0.26 0.21 1.00
−0.41 0.50 −0.14 0.17 1.00

Table 2.11 Univariate Diagnostic Statistics for the Australian Data

ARCH(2) Skewness Kurtosis JB
pau 1.134 0.214 1.470 5.96
pus 0.850 0.322 0.499 1.69
exch 0.528 0.755 0.969 8.18
iau 5.279 0.359 0.351 1.62
ius 18.357 0.200 1.439 5.67

exogenous for the cointegrating relations and in Chapter 7 we analyse the conditional model, where we have
conditioned on the US interest rate as well as the past of all the variables. Obviously for a serious modelling of the data
we need to find out what happens to the US interest rate around the period with the large deviation. This will not be
attempted here.

We proceed to calculate the eigenvalues in Table 2.12, and see that there are roots very close to 1, but that none of
them is close to other points on the unit circle. Thus we conclude that we can continue with the analysis of the VAR
with two lags, as the starting-point of a cointegration analysis.

Table 2.12 The Eigenvalues (ρi) of the Companion Matrix for the Australian Data

Root Real Complex Modulus
ρ1 0.9894 −0.0000 0.9894
ρ2 0.9128 0.1192 0.9205
ρ3 0.9128 −0.1192 0.9205
ρ4 0.7303 0.0529 0.7322
ρ5 0.7303 −0.0529 0.7322
ρ6 0.1975 0.0000 0.1975
ρ7 0.1295 0.0000 0.1295
ρ8 0.0600 0.3718 0.3767
ρ9 0.0600 −0.3718 0.3767
ρ10 −0.2561 0.0000 0.2561
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Fig. 2.4. The Australian data in levels and differences
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Fig. 2.5. Standardized residuals and histograms for the Australian data
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Fig. 2.6. Autocorrelation and cross-correlation functions for the residuals of a VAR(2) for the Australian data
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